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Let A be any commutativ ring with unit and let M be an 
A-module. 
Then M defines a sheaf of Ox-Modules M on the affine scheme 
X = Spec (A) ~ and by a well known theorem of Serre 
Hi(X,M) = o 
H0 (X,M) ..... M • 
for all i > 1 
Suppose now that A is an 0-algebra with 0 a complete valu-
ation ring~ then the topology of 0 induces a topology on A 
and one may consider the topological subspace Sp(A) of Spec(A) 
defined by 
Sp(A) = [ p E Spec(A)/,E open} 
It is easy to see that Sp(A) is the closed fiber of the mor-
ph ism 
Spec(A) ~ Spec(O) • 
Now the completion A1 of A 
defines a sheaf A1 on Sp(A) 
formal scheme. 
in the topology defined by 0 
and the pair (Sp(A) 9A1 ) is a 
Given any A-module M the completion M1 defines a sheaf of 
A1-Modules , M1 ~ and one easily proves the following 
Hi(Sp(A) 9 M1 ) = o 
H0 (Sp(A),M1 ) = M1 
for all i > 1 
Washnitzer and Monsky [2], have introduced another completion 
of A - the Washni tzer-Monsky completion- A+ (shortened to W .M. 
completion) defined as follows: 
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E 0 t 1 , ••• ,tn E A and 
ord am ~ c a (II !.I! !I) • I! mil} 
where c is a function z+ ~ z+ 9 depending on a 
a and con-
stant outside a finite set. 
One may prove (see Lubkin [1]) 
Lemma 1. Let w: A~ B be a surjectiv homomorphism of 0-alge-
bras and let M be a finitely generated B-module, then 
M ® A+ ~ M ® B+ • 
A B 
Lemma 2. A+ is a flat A-module. 
Let B be an A-algebra and let for every a E A the open 
subset D(a) = ( J! E Spec(A) ! a I. p } of Spec(A) correspond 
to the 0 module + B(a} • 
This defines a. preshaaf 
following, 
Theorem Let B be an 
"'"'+ B on Spec(A) and Lubkin proves the 
A-algebra and M a B-module then 
the presheaf ~ ® M B is a sheaf concentrated on Sp(A) and 
• ,......f-
Hl(Sp(A) 9 B ® M) = 0 for i > 1 
-B 
H0 (Sp(A),~ ® M) = B+ ®M 
B B 
The purpose of this note is to give another proof of this theo-
rem which also applies to more general completions. 
From now on we shall therefore assume that A+ is any odd 
"completion" of A defined by: 
- 3 -
ord am ?: c CL ( llr£11 ) • !l!!lll } 
where the (order) maps c . 
et" 
:;z+ .... ~+ are given in such a way 
that A ~ A+ . f t R. R. ~ lS a uno or 1ngs .... 1ngs • 
We shall moreover assume that lemma 1 and lemma 2 holds for 
this completion, and that there exist a sequence (en 1 > 1 of 
order maps ~+ .... ~+ 
exist an n > 1 with 
such that for any order map 
c > c 
a. - n 
Lemma 3. (Cohomology of projective space) 
there 
and let B be any S-algebra. Denote 
by W the covering of Spec(S)- V(T0 , ••. ,TN) ~ Sp(S)- (m} 
given by all intersections of D(T1 ), ••• ,D(Tm) • Let 
denote and assume: 
( 1 ) For all 1 ~ i 1 < i 2 < •• <is < N 
homomorphism 
is one-to-one. 
(We shall therefore identify B(i1 , ••• ,is)+ 
in B(1,2, •.• ,N)+ ). 
the 
with its image 
(2) If (i1 , ••• ,is} n (j 1,. •• ,jt} = (k19 ••• ,kn} and if 
f E B(i1 , .•• ,is)+, g E B(j 1 , ••• ,jt)+ with f = g then 
f = g E B(k1 , ••• ,kn)+ 
( 3 ) If f E B ( i 1 , ••• , ~k, ••• , in)+ n ~ B ( i 1 , ••• , ~r , ••• , in)+ 
r=k+1 
then, for N > 1 
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if i = 0 
if i I O,N 
B(0, 1 ,•••,N)+/ ~ B(O, ••• ,~, ••• ,N)+ if i = N 
k=o 
Proof. If N = 0 then 
Hi (lDJ ,B+) {B + for i = 0 = To 
0 for i I 0 
If N = 1 then 
for i = 0 
Hi(lDJ ,B+) = B(o, 1 )+ 1 B(o)+ + B( 1 )+ for i = 1 
0 for i I o, 1 
Therefore the lemma is true for N = 1 , and we may try inductfun 
on N • Suppose N ~ 2 • Let ID' be the subcovering of ID 
given by all intersectionR of D(T1 ), ••• ,D(TN) • Let m2 be 
the subcovering of m given by all intersections of 
D(T 0T1), D(T0T2), ••• ,D(T 0TN) and let m3 be the subcovering 
given by D(T0 ) alone. 
By a spectral sequence-argument or by a Mayer-Vietoris sequence 
we find an exact sequence 
0 - Hi-1 (1ilf2 'B+) I . . - Hi (lDJ' B+) 
I Hl-1 (1JJJ3, ]3+) + Hl-1 (lJlJ 1 , ]3+) 
.... Hi (1!1f3 'B+) X Hi (lDJ 1 'B+) .... 0 
Hi(ID2 ,:§'+) 
The result follows from the hypotheses and by noting that if B 
satisfies the conditions (1), (2) and (3) then so does BT 
0 
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Lemma_±. Let R be any commutativ ring and consider 
s = R[X0 , ••• ,XN] . Let c be an S-module such that f'or all 
c E C there exists an n > 1 for which X~ E .Ann( C) f'or 
-
i = O, ••• ,N Let M be an S-module and suppose there exists 
N 
an element Q = ~ Q.X. in S operating on M as the identity. i=o l l 
Then 
Tor~(M,C) = 0 for all p = 0,1, •.• ,N. 
Proof. Q acts as the identity on Tor~(M,C) since Q acts 
as the identity on M • On the other hand, taking a free reso-
lution of M , we find that every element in Tor8 (M,C) is p 




u > 0 . 
... -
U(O, 1, ••• ,N)% 
D = N A + 
I: U(O, ••• ,k, ••• ,N) 
k=o 
m {a=E a T:-
m.<o for o<i<N m 1 
l 





Dn = {x E D I x = I: a T .- , m 1 




> en(!£) ·II mil + dx} 
Dn = ~n and Then 
where 
D = lim Dn , as S-modules. 
n>1 




Dn = lim D 
... k>1 n~k 
and, for all there exists an such that 
Lemma 6. Suppose M is a U-module such that there is an 
N 
element A= ~ Q.T. in U operating on M as the identity, i=o 1 1 
then 
Tor~(D,M) = 0 for all p . 
Proof. By lemma 4 u Tor (D k,M) = 0 P n, ... for all p • By a 
standard argument 
Tor~(Dn,M') = 0 for all p 
and all finitely generated U-modules M' • Since Toru p 




= 0 for all Torp(D,M) p . 
QED. 
Let A be any finitely generated 0-algebra. Let B be a 
finitely generated A-algebra. Let x 1 , ••• ,xn be generators 
for A as 0-algebra, and let y 1 , ..• ,yM be generators for B 
as A-algebra. 
Let 1DJ' be a covering of Spec (A) , 1]J' r = [D(ai)}i=1 . Then the 
ideal of A generated by the a. 1 s 
1 
is equal to A Therefore 





2: b.a. = 1 i=1 1 1 
r 
x. = 2: (x.b.)a. 
J i=1 J 1 1 
for j = 1 , ••• ,n 
Let 1IIT 11 be the covering consisting of all D(ai) i = 1, ••• ,r 
and all D(x.b.a.) J 1 1 i=1, ••• ,r, j = 1, ••. ,n and of all inter-
sections of these sets. Clearly TilT" is finer than UIJ' and we 
may write 
TilT" for some 
Obviously a1 , 1 = O, ••. ,N generates A as 0-algebra and 
n1 , 1 = O, ••. ,N (strictely speaking the image of a1 in B.) 
and yk, k = 1, .•. ,M generate B as 0-algebra. 
Therefore there is a commutative diagram of homomorphisms of 
0-algebras 
\f) 
S = O[T0 , ••• ,TN] ~A cp(T1 ) = a1 , 1 = O, ••• ,N 
t ~ 
U = O[T0 ~ .•• ,TN,TN+1 , .•• ,TN+Ml¢B $(TN+K) = yk' k= 1, ••• ,M 
the horizontal homomorphisms being onto. 
Let M be a B-module. 
By lemmaJ.. we have isomorphisms of tJech-cmmplexes 
c • cw, u~ ® rvr) ::: c • cw" • B'+ ® rvr) 
B 
<t 
C • (UU, iJ+ ) ® M 
u 
Let L. be a free resolution of M as U-module, and look at 
the double complex 
(8) • 
Since the completion is flat c•(w,u+) is flat over U . 
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The first spectral sequence of the double-complex (8) degener-
ates, i.e. 
= { o if q I o Hp (111J 11 , J3+ ® M) 
B 
if 
The second spectral sequence has the form 
"Ep' q U ( g_ ( ""'+) ) = Tor H 1llJ, U 9 M 2 -p 
q = 0 
Assumeing N > 1 it follows from lemma 2 that 
"Ep,q 
= 0 2 
for q I O~N 
"Ep,o 
2 = 
0 for PI 0 
N 
By (7) there is a Q = ~ Q.T. i=o l l in s operating 
on A therefore on B and consequently on M • 
Lemma 6 implies 
as 
"Ep,N = Tor (D,M) = 0 
2 -p for all p • 
the 
Since both spectral sequences converge we have proved: 
Theorem. In the situation above: 
----
{ B+~M if n = 0 Hn (111J" , B+ ® M) = 
B 0 if n I 0 
In particular ""+ B ® M 
B 
is a sheaf-on Spec(A) • 
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